Mutually unbiased bases (MUBs) and symmetric informationally complete (SIC) positive operator-valued measurements (POVMs) are two related topics in quantum information theory. They are generalized to mutually unbiased measurements (MUMs) and general symmetric informationally complete (GSIC) measurements, respectively, that are both not necessarily rank 1. We study the quantum separability problem by using these measurements and present separability criteria for bipartite systems with arbitrary dimensions and multipartite systems of multi-level subsystems. These criteria are proved to be more effective than previous criteria especially when the dimensions of the subsystems are different. Furthermore, full quantum state tomography is not needed when these criteria are implemented in experiment.
I. INTRODUCTION
The concept of entanglement plays a central role in quantum physics and quantum information science, which has been investigated rapidly in recent years [1] [2] [3] . It has numerous applications ranging from quantum cryptography [4] [5] [6] [7] [8] [9] [10] , quantum teleportation [11, 12] to dense coding [13] , and other quantum information processing [9, 10, [14] [15] [16] [17] [18] [19] . One of the important tasks of the theory of quantum entanglement is to characterize entanglement. Although many important results have been obtained for bipartite systems [20] [21] [22] [23] and multipartite systems [24] [25] [26] [27] [28] [29] [30] [31] [32] , a general theory remains elusive because of the complexity of entanglement. Recently, because of its significant role in quantum information processing, much effort has been devoted to investigate various measurements that can be used for the detection of entanglement of unknown quantum states.
Mutually unbiased bases (MUBs) represent maximally non-commutative measurements. They were used for detecting entangled states in two-qudit quantum systems [33] . However, when d is not a prime power, the maximum number N (d) of MUBs remains open [34] , which makes the criterion becomes less effective.
Mutually unbiased measurements (MUMs) were generalized from MUBs [35] and include the complete set of MUBs as a special case. The existence of MUMs does not depend on the dimension of the system, and a complete set of MUMs were constructed for arbitrary finite dimensional Hilbert space in Ref. [35] . They were used to construct separability criteria in bipartite finite dimensional systems [36, 37] .
The notion of symmetric informationally complete (SIC) positive operator-valued measurements (POVMs) is another related topic in quantum information theory. It was generalized to general symmetric informationally complete (GSIC) measurements, of which the complete sets were constructed in all finite dimensions without requirement that the rank of each measurement operator is one [38] . A separability criterion for d-dimensional bipartite systems via GSIC-POVMs was presented in Ref. [39] .
In Ref. [40] , three separability criteria were proposed based on ρ − ρ A ρ B , where ρ is a bipartite density matrix in
is the reduced density matrix of the first (second) subsystem. Most of the criteria using MUBs, MUMs, GSIC-POVMs mentioned above are for d-dimensional bipartite systems, of which the subsystems should be with the same dimension. We obtained separability criteria on arbitrary high-dimensional bipartite systems of a d 1 -dimensional subsystem and a d 2 -dimensional subsystem, and multipartite systems of multi-level subsystems [41, 42] such that the criteria for d-dimensional bipartite systems in Ref. [37, 40] are the special cases of ours. However, the criteria in [41, 42] are not efficient enough because the bounds are not tight. Thus, how to use the sets of these measurements to detect entanglement more efficiently still need to be considered.
In this paper, we study the separability problem via sets of MUMs and propose more effective separability criteria for
Without difficulty, our method can be used to construct separability criteria via MUBs and GSIC-POVMs in
′ systems or high-dimensional multipartite systems.
II. MAIN RESULTS
For the bipartite system of subsystems with different dimensions, the complete sets of MUMs cannot be used to detect the separability of quantum states in Ref. [41] . This problem will be discussed and we obtain the following conclusions.
with efficiency parameter κ 1 (κ 2 ), where
If ρ is separable, then
Proof. It's only needed to consider a pure separable state ρ = |φ φ| ⊗ |ψ ψ|, since
is a linear function of ρ. We have
where the inequality [37]
is used. This completes the proof. Theorem 1 is more effective than Theorem 2 in Ref. [41] as long as the two subsystems have different dimensions, which can be used for a wider range of application. In Theorem 1, M and M ′ can be different, while in Theorem 2 in Ref. [41] , they are equal. When M = M ′ , by Theorem 1, we obtain that if the left hand side of (2) is larger than
, then ρ is entangled, while by Theorem 2 in Ref. [41] , one can derive that if the left hand side of (2) is larger than
, as entangled, whereas Theorem 2 in Ref. [41] detects them only for J(ρ) = max
]. Therefore, Theorem 1 is better than Theorem 2 in Ref. [41] , especially when the difference of the dimensions of two subsystems is very large. What's more, no term is needed to be ignored by Theorem 1 when d ′ is a multiple of d and M ′ is a multiple of M , so that Theorem 1 is much more effective. When d|d
′ entangled states using complete sets of MUMs by Theorem 1. With the help the Cauchy-Schwarz inequality, we can obtain stronger bound than that in Theorem 1.
and
where
, and
If ρ is separable, then it satisfies the following inequality
Here J(ρ) is defined the same as in Theorem 1.
Proof. For a pure separable state ρ = |φ φ| ⊗ |ψ ψ|, we get
≤ ts(
where the Cauchy-Schwarz inequality and the inequality (4) are used. It is easily to see that
np ρ) is a linear function of ρ, so the inequality (5) holds for separable mixed states. This completes the proof. The bound in Theorem 2 is lower than that in Theorem 1 since ts(
With the same method, we can obtain separability criteria using MUBs and GSIC-POVMs.
Theorem 2
′ (MUBs). Let ρ be a density matrix in
, respectively, where
, and M ′ = tM + r 2 . Define
Proof. For separable state ρ = 
where the inequality [43] 
is used. This completes the proof.
By an analogous argument as Theorem 2 and using the inequality [44] 
we get the following result. 
Tr(P 1,n ⊗ P 2,ni ρ).
Inspired by the separability criteria based on the operators [40, 42] 
where N is an even number, Q II = q∈PII q, Q I = p∈PI p and P I (P II ) denotes that both sides of bipartite partition contain odd (even) number of parties, we deduce the next theorem. where
The following inequality
holds for separable states ρ. Proof. Note that for any separable state ρ, ρ − ρ A ⊗ ρ B can be written as the form of [45] 
where ρ Tr(P
as required. To show that Theorem 3 is stronger than Theorem 1, we only need to prove that the inequality (2) holds if (15) holds. In fact, inequality (15) implies that
Thus, the inequality (2) holds. The separability criteria in Ref. [33, 36, 37, 39] are all only applied for quantum systems of subsystems with the same dimension. For that with different dimensions, we obtained separability criterion in Ref. [41] , which was discussed less efficient than the criteria in this paper. In brief, the criteria we present here is more efficient and wider range of application.
Noting the significance of the study on multiparty quantum entanglement, especially in higher-dimensional systems, we generalize our criteria to high dimensional multipartite systems.
Theorem 4. Suppose that ρ is a density matrix in
are any sets of M k MUMs on C d k with the efficiency parameter κ k , and
k . For any fully separable state ρ, it satisfies the following inequalities:
, be a fully separable density matrix, where ρ kl are pure states in 
where the inequality (4) is used. It follows that
i.e. inequality (17) holds. By the Cauchy-Schwarz inequality and the relation (4), we deduce that
It implies that
which completes the proof of inequality (18) .
then any fully separable state ρ satisfies
Theorem 4 ′′ . Suppose that ρ is a density matrix in C d1 ⊗ C d2 ⊗ · · · ⊗ C dm , P k is a set of GSIC-POVMs on C k , with efficiency parameter α k , and d Tr ⊗ m k=1 (
then every fully separable state ρ satisfies
Using the above two bounds, not only multilevel multiparticle genuine entangled states, but also k-nonseparable states can be detected with the same method detailed discussed in Ref. [42] .
III. CONCLUSION AND DISCUSSIONS
Mutually unbiased measurements (MUMs) have been used to investigate entanglement detection and we obtained separability criteria for bipartite systems composed of a d 1 -dimensional subsystem and a d 2 -dimensional subsystem via sets of MUMs. The previous criteria are improved by taken into account more terms which were ignored before, leading to more effective bounds as we have proved. Moreover it should be noted that the method could be used to obtain some separable criteria via other measurements, such as MUBs and GSIC-POVMs as discussed. Noting the importance of the study on multiparty quantum entanglement, especially in higher-dimensional systems more than
